In this paper we study a homotopy invariant of phantom maps called the Gray index.
for each n. The map f n is usually not uniquely determined in this diagram. The Gray index G( f ) of f is the largest integer n for which a phantom choice for f n can be made.
This notion has been studied in detail in [4] [5] [6] 10] . In particular, in [5] Here, we turn our attention to an interpretation of the Gray index in terms of the rationalization approach to phantom maps.
In Section 2 we use a dual definition of the Gray index, in order to obtain an alternative characterization of it.
Our first result gives a necessary and sufficient condition for a phantom map to have a given Gray index. Here the term essential means that q k• f is not homotopic to the trivial map between X 0 and Y (k) . Using this interpretation of the Gray index, we obtain a new method of constructing phantom maps having a particular Gray index. 
In Section 4 we examine the existence of phantom maps with infinite Gray index. We denote by Ph ω (X, Y ) the set of homotopy classes of phantom maps between X and Y with infinite Gray index. Then, according to [4] , Ph ω (X, Y ) may be described algebraically as is not a surjection. We conclude that it is not possible to show by a purely tower-theoretic argument that a map g : Y → Y between CW-complexes which induces a (rational) epimorphism between their homotopy groups, will induce a surjection
Rationalization and the Gray index
The Gray index of a phantom map f was first defined by Gray in his doctoral thesis [2] . Since f is a phantom map, there are homotopy factorizations of the following form for each natural number n:
The extension f n is not necessarily unique.
Definition 2.1. The Gray index of f , G( f ), is the largest integer n for which the extension f n can be chosen to be a phantom map.
We say that G( f ) = ∞ if the extension f n can be chosen to be a phantom map for every n. Obviously, the Gray index of the trivial map is infinity. There is a dual Gray index for phantom maps that is defined as follows.
Let Y n be the nth connective cover of Y , so that for each n ∈ N there is a natural fibration
Let f : X → Y be a phantom map. Then so is the composite q n • f : X → Y (n) for each n ∈ N. However, Y (n) having only finitely many non-zero homotopy groups, there are no non-trivial phantom maps between X and Y (n) . This implies that a map f : X → Y is a phantom map if and only if it factors up to homotopy for all n as follows
Then, the dual Gray index G ( f ) is the largest integer n such that the map ϕ n can be chosen to be a phantom map.
In his thesis [2] Gray claimed that every essential phantom map has finite Gray index. However, McGibbon and Strom in [10] constructed an essential phantom map out of CP ∞ with infinite Gray index. The target space in their example does not have finite type and their weakness to construct an essential phantom map between finite type spaces, having infinite Gray index, led them to the following conjecture.
Conjecture 2.3. Every essential phantom map between finite type spaces has finite Gray index.
Recently, Iriye in [6] constructed an essential phantom map between finite type spaces, having infinite Gray index, showing that this conjecture doesn't hold. However, there are some cases where this conjecture is known to be true.
See [4, 10] for some results in this direction. Given a phantom map f : X → Y between connected, nilpotent, finite type complexes X and Y , it is well known that its homotopy class belongs to the image of r * : [7, Theorem 5.1] ; this means that a map f : X → Y is phantom if and only if it factors through the rationalization of X . Our first result gives a necessary and sufficient condition for a phantom map to have finite Gray index, in terms of the rationalization of X . 
where q k is the natural map from Y to the kth Postnikov section Y (k) of Y and r is the rationalization of X .
and the cofibration
induce the following commutative diagram whose rows and columns are exact sequences of pointed sets: 
Let X , Y be 1-connected, CW-complexes of finite type and consider the rationalization X 0 of X . In view of Theorem 2.4, it is of some interest to examine the map (q k ) * :
from Y to its kth Postnikov section. However, for 1-connected CW-complexes of finite type we have a bijection of pointed sets
Let g i 0 be the first non-zero element in such a sequence. Then, g does not belong to the kernel of the map (
Combining these results, we obtain a new proof of: Proof. The homology groups of X 0 are finite-dimensional rational vector spaces and the homotopy groups of Y are finitely generated abelian groups. Note also that Ext(Q, Z) ∼ = R and Ext(Q, T ) = 0 when T is a finite abelian group. Hence, if 
Ext(H
On the other hand, by the Hilton-Milnor theorem [12] , we have
where the loop spaces of all spheres of dimensions 2 appear as factors in the product. It follows that S 2 ∨ S 2 has non-zero rational homotopy for each n 3. Therefore, the existence of phantom maps of Gray index 2n − 1 for each n 1 follows from Theorem 2.6.
Example B. There exist essential phantom maps
2 of Gray index n, for each n 1. Indeed, since 3 ) is a 1-connected Postnikov space of finite type and S 2 ∨ S 2 is a 1-connected finite complex, we know that
is a bijection. By the preceding example, we know that S 2 ∨ S 2 has non-zero rational homotopy in all degrees, while the Künneth formula shows that K (Z, 2) × K (Z, 3) has non-zero rational homology in all degrees as well. Hence, the existence of the asserted phantom maps follows from Theorem 2.6.
Rational equivalences
We now turn our attention to the extent to which a map g : Y → Y raises the Gray index of a phantom map f : X → Y . In the case where g is a rational equivalence which induces a bijection g * : 
where sup{G( f i ), i ∈ I} allows to be infinite.
Proof. It is clear that
We can assume that sup{G( f i ), i ∈ I} is finite, otherwise there is nothing to show. Let m = sup{G( f i ), i ∈ I} + 1. Then, f i is not in the image of
for all i ∈ I , where j m : X → X/ X m is the natural map. Invoking the commutative diagram
whose vertical maps are surjections [8, Theorem 2], we conclude that f is not in the image of
Using this proposition we obtain the following result. 
Remark 3.3.
A rational equivalence g : Y → Y is a map which induces a homotopy equivalence between the rationalizations of the two spaces. In general, a rational equivalence induces a surjection g * :
is also a rational equivalence in the opposite direction, then the induced map on phantom sets is a bijection.
Proof. As g is a rational equivalence, it induces an epimorphism on rational homotopy groups and the proof follows from Proposition 3.1. 2
Towers and phantom maps with infinite Gray index
Here, we study the set Ph ω (X, Y ) of phantom maps having infinite Gray index between two spaces X and Y . One of the basic results in [4] is that this set is trivial when Y is a finite type bouquet of spheres. In other words, every phantom map between X and Y has finite Gray index if Y is a finite type bouquet of spheres. However, for any finite type space Y , every Y ) is a finite-to-one covering means that for every f ∈ Ph( X, Y ), 
In the final part of this article we will present an algebraic example, which shows why the map
is not always onto. The method used by McGibbon and Roitberg in [8] in order to prove that a map g : Y → Y that induces an epimorphism on homotopy groups will induce a surjection g * : Ph( X, Y ) → Ph( X, Y ) was the following. The map g : Y → Y induces a map between the towers {G n } and {G n }, where G n = [X, ΩY (n) ] and G n = [X, ΩY (n) ]. This map of towers turns out to have a finite cokernel at each level. However, a map of towers with finite cokernels induces a surjection lim
In the case where X and Y are connected, nilpotent finite type complexes, the tower {G n } = {[X, ΩY (n) ]} has the following properties: (i) G n is a finitely generated nilpotent group.
(ii) The kernel of g n :
(iii) The cokernel of g n is a finite abelian group.
The algebraic characterization of Ph ω (X, Y ) in terms of towers is the following: Given a tower {G n } of groups, we define its ωth image subtower, denoted Im ω G, by letting Im ω G n = k 1 image(G n+k → G n ). Then, according to Hà [4] , there is an isomorphism of pointed sets
We are going to prove that there exist towers of abelian groups {A n } and {B n } and a map of towers ϕ : A → B which is rationally epimorphic, such that the induced map
is not a surjection. The towers {A n } and {B n } will turn out to have the properties mentioned in Proposition 4.3. We will use the following:
Lemma 4.4. Let {A n } be a tower of finitely generated abelian groups. Then, there exists a tower of finitely generated abelian groups {T n }, such that {Im ω T n } = {A n }. Moreover, the tower {T n } can be chosen to satisfy the properties of Proposition 4.3.
be a tower of finitely generated abelian groups. We fix two different primes p and q. Let T be the following tower:
. . .
Thus, T 1 is the group A 1 , T 2 is A 2 1 ⊕ A 2 and, in general, the group T n at the nth stage of the tower is T n = (
) ⊕ A n . The homomorphism Σ is just the addition Σ(x, y) = x + y and the homomorphism p ⊕ q is (p ⊕ q)(x, y) = (px, qy). The homomorphisms in the "diagonal" are the homomorphisms in the original tower. Thus, the map t n−1 : T n → T n−1 is t n −1 (x 1 , y 1 , . . . , x n−1 , y n−1 , z) = px 1 , qy 1 , . . . , x n−1 + y n−1 + a n−1 (z) , for x i , y i ∈ A i , i = 1, . . . ,n − 1, z ∈ A n . It is clear that each structure map t i has a finite cokernel and thus, the tower T satisfies the properties of Proposition 4.3. Since the equation 1 = p n x + q n y has integer solutions for all n ∈ N, it is clear that Im ω T n = A n for all n ∈ N and Im ω T is the original tower
We are now ready to present the following example. It states that a map between towers ϕ : A → B with the property that im ϕ n has finite index in B n for each n ∈ N does not necessarily induce a surjection between the lim We construct, according to Lemma 4.4, a tower B such that Im ω B = B . We will construct a tower A, whose ωth image subtower, Im ω A is the trivial tower and a map of towers ϕ : A → B such that im ϕ n has finite index in B n for each n ∈ N.
Nevertheless, the induced map lim ←− Thus, A n = Z 2n and the maps in the tower a n−1 : A n → A n−1 , n 2 are given by a n−1 ( x 1 , y 1 It is easy to check that ϕ : A → B is indeed a map of towers such that im ϕ n has finite index in B n for all n ∈ N. The towers A and B in addition satisfy the conditions of Proposition 4.3.
